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To generate a NOON state with a large photon number N , the number of operational steps could
be large and the fidelity will decrease rapidly with N . Here we propose a method to generate a new
type of quantum entangled states, (|NN00〉 + |00NN〉)/√2 called “double NOON” states, with a
setup of two superconducting flux qutrits and five circuit cavities. This scheme operates essentially
by employing a two-photon process, i.e., two photons are simultaneously and separately emitted into
two cavities when each coupler qutrit is initially in a higher-energy excited state. As a consequence,
the “double” NOON state creation needs only N+2 operational steps. One application of double
NOON states is to get a phase error of 1/(2N) in phase measurement. In comparison, to achieve
the same error, a normal NOON state of the form (|2N, 0〉+ |0, 2N〉)/√2 is needed, which requires
at least 2N operational steps to prepare by using the existing schemes. Our numerical simulation
demonstrates that high-fidelity generation of the double NOON states with N ≤ 10 even for the
imperfect devices is feasible with the present circuit QED technique.
PACS numbers: 03.67.Lx, 42.50.Dv, 85.25.Cp
I. INTRODUCTION
Superconducting qubits have attracted substantial attention because of their controllability, integrability, ready
fabrication and potential scalability [1–4] in quantum information and quantum computation. The level spacings
of superconducting qubits can be rapidly adjusted (1 ∼ 3 ns) by varying external control parameters [5–8]. Their
coherence time is increasing rapidly [9–14]. The strong coupling and ultrastrong coupling of one qubit with one
microwave cavity have been reported in experiments [15, 16]. The circuit QED is considered as one of the most
feasible candidates for quantum computation [3, 4].
The NOON states, (|N0〉12 + |0N〉12)/
√
2 with N photons in mode 1 or 2, have attracted considerable attention
because of their significant applications in quantum optical lithography [17, 18], quantum metrology [19–21], precision
measurement [22], and quantum information processing [23]. For example, if a photon in mode 2 gains an extra phase
eiφ compared with a photon in mode 1, the NOON state of N photons will become (|N0〉12 + eiNφ|0N〉12)/
√
2 (a
common phase has been ignored). With this state, the measurement of AN = (|N0〉12 + |0N〉12)(〈N0|12 + 〈0N |12)/2
gives 〈AN 〉 = [1 + cos (Nφ)]/2. Note that A2N = AN , one has (∆AN )2 = 〈A2N 〉 − 〈AN 〉2 = sin2 (Nφ)/4. According to
[18], the error in the phase is calculated as:
∆φ = ∆AN/ |d〈AN 〉/dφ| = 1/N, (1)
which reaches the Heisenberg limit 1/N¯ (N¯ is the average number of photons counted in a chosen time interval) [24].
It is obvious that the error of phase measurement will be better for a larger photon number N , but the high-fidelity
generation of NOON states with a large N is not easy in experiments.
Some schemes have been presented for the generation of the NOON states, (|N0〉 + |0N〉)/√2, of photons in
two cavities or resonators. The setup in Ref. [25] consists of two superconducting cavities and a tunable qubit,
and the qubit alternatively interacts with two cavity modes and a classical pulse respectively. According to [25],
generating a NOON state requires a linear number of operations, which is greater than N (e.g., 12 basic operations
required for creating a NOON state with N = 3). The circuit in Ref. [26] is more complicated, which requires three
superconducting resonators and two qutrits, but only N + 1 operational steps are needed. The scheme presented in
Ref. [26] has been implemented in experiments to generate a NOON state with N ≤ 3 [27]. Ref. [28] adopts a setup
consisting of one superconducting transmon qutrit and two resonators, which is simpler than that in Refs. [26, 27].
Though 2N steps of operation are required to generate a NOON state with N photons, the generation of NOON
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2states in this scheme is faster than that in Ref. [25]. Then, the scheme in Ref. [28] is improved in Ref. [29], in
which one four-level superconducting flux device and two resonators are required while only N + 1 operational steps
are needed. From the discussion given here, one can see that by using schemes [25-29] to generate a NOON state
(|N0〉+ |0N〉)/√2 of photons, at least N operational steps are needed.
In this paper, we propose an efficient scheme for generating the “double” NOON states (|NN00〉 + |00NN〉)/√2
in four cavities or resonators with only N + 2 operational steps (including two basic steps for initial preparation of
a two-qutrit Bell state). The setup consists of two superconducting flux qutrits and five cavities (see Fig. 2). A
two-photon process is adopted in this scheme, which is quite different from the single-photon process used in Ref.
[25–29]. It is the first time to demonstrate that a double NOON state, a new type of NOON states of photons, can
be generated in cavity/circuit QED.
For the concrete use of the double NOON states, let us consider their application in phase measurement, which
can be implemented by using a setup illustrated in Appendix. Assume that photons in four modes (1, 2, 3, 4) are
initially in a double NOON state (|NN00〉1234 + |00NN〉1234)/
√
2. Each photon in mode 3 (4) experiences an extra
phase shift φ compared to each photon in mode 1 (2), which is induced by a phase shifter. When the photons
reach their detectors, the double NOON state of photons in four modes (1, 2, 3, 4) can thus be expressed as |Ψ〉 =
(|NN00〉1234+ei2Nφ|00NN〉1234)/
√
2 (a common phase has been ignored). The measurement of ADN = (|NN00〉1234+
|00NN〉1234)(〈NN00|1234 + 〈00NN |1234)/2 gives:
〈ADN 〉 = 〈Ψ| · ADN · |Ψ〉 = [1 + cos(2Nφ)]/2 . (2)
In addition, one has (∆ADN )
2
= 14 sin
2 (2Nφ). Thus, the error of phase measurement will be ∆φ = 1/(2N), which
also reaches the Heisenberg limit. In comparison, to achieve the same error for phase measurement, a normal NOON
state of the form (|2N, 0〉 + |0, 2N〉)/√2 is needed, which requires at least 2N operational steps to prepare by using
the existing schemes [25-29].
This paper is arranged as follows. In Sec. II, we introduce the effective Hamiltonian and time evolution for the
left-hand half as well as the right-hand half of the setup [Fig. 2(a)]. In Sec. III, we describe how to generate the
double NOON states of photons in four cavities or resonators. In Sec. IV, we discuss the possible experimental
implementation of this proposal.
II. EFFECTIVE HAMILTONIAN AND TIME EVOLUTION
The setup, shown in Fig. 1(a), consists of two superconducting flux qutrits and five cavities. In Fig. 1(a), the
left-hand qutrit is labelled as qutrit L while the right-hand qutrit is labelled as qutrit R. Qutrit L is coupled to
cavities 1 and 2 while qutrit R is coupled to cavities 3 and 4. In addition, both qutrits L and R are connected by a
common central cavity. Each qutrit has three energy levels |g〉 , |e〉 , and |f〉 . In the following, we first introduce the
effective Hamiltonian and time evolution for the left-hand half of the setup (i.e., qutrit L and cavities 1 and 2). We
then introduce the effective Hamiltonian and time evolution for the right-hand half of the setup (i.e., qutrit R and
cavities 3 and 4).
Suppose that cavity 1 (2) is coupled to the |g〉 ↔ |e〉 (|e〉 ↔ |f〉) transition of the coupler qutrit L. In the interaction
picture, the Hamiltonian describing the interaction between qutrit L and the two cavities 1 and 2 is (assuming ~ = 1)
HI(a1, a2) = g1(e
iδ1ta1σ
+
ge,L + h.c.) + g2(e
−iδ2ta2σ+ef,L + h.c.), (3)
where δ1 = ωge,L−ωc1 > 0, δ2 = ωc2−ωef,L > 0, ωge (ωef ) is the |g〉 ↔ |e〉 (|e〉 ↔ |f〉) transition frequency, ωc1 (ωc2)
is the frequency of cavity 1 (2), and g1 (g2) is the coupling strength between cavity 1 (2) and the |g〉 ↔ |e〉 (|e〉 ↔ |f〉)
transition [Fig. 1(b)]. In addition, σ+ge,L = |e〉L〈g|, σ+ef,L = |f〉L〈e|, and a1 (a2) is the photon annihilation operator of
cavity 1 (2).
Under the large-detuning condition δ1 >> g1 and δ2 >> g2, the dynamics governed by HI(a1, a2) is equivalent to
that decided by the following effective Hamiltonian [30]
Heff = H0 +Hint, (4)
with
H0 = −g
2
1
δ1
(a†1a1|g〉L〈g| − a1a†1|e〉L〈e|)−
g22
δ2
(a2a
†
2|f〉L〈f | − a†2a2|e〉L〈e|), (5)
Hint = −λ
[
e−i(δ1−δ2)ta†1a
†
2|g〉L〈f |+ h.c.
]
, (6)
3FIG. 1: (Color online) (a) Setup for two superconducting flux qutrits and five cavities. A common cavity (i.e., the central one)
is used to initially prepare the two qutrits in a Bell state, while the other four cavities are utilized to create the double NOON
state. Here, each cavity is a one-dimensional transmission line resonator. The left-hand circle represents the qutrit labled by
L; while the right-hand circle represents the qutrit labeled by R. (b) Illustration of each qutrit dispersively interacting with its
two cavities. Here, g1 is the coupling strength between cavity 1 (3) with the |g〉 ↔ |e〉 while g2 is the coupling strength between
cavity 2 (4) with the |e〉 ↔ |f〉 transition. In addition, we set δ1 = δ2 = δ.
where λ = g1g22
(
1
δ1
+ 1δ2
)
. In a new interaction picture with respect to the free Hamiltonian H0, one has
H˜int = e
iH0tHinte
−iH0t
= −λ
[
e−i(δ1−δ2)te−i
g2
1
δ1
a+
1
a1ta+1 a
+
2 |g〉L〈f |ei
g2
2
δ2
a2a
+
2
t
+ h.c.
]
. (7)
Denote |n〉j as the n-photon state for cavity j (j = 1, 2). Under the Hamiltonian (7), the state |f〉L |n〉1 |n〉2
evolves in a subspace formed by two orthogonal states |f〉L |n〉1 |n〉2 and |g〉L |n+ 1〉1 |n+ 1〉2. In this subspace, the
Hamiltonian (7) can be expressed as
H˜int =
(
0 −ei(δ1−δ2)teiϕ(n+1)t (n+ 1)λ
−e−i(δ1−δ2)te−iϕ(n+1)t(n+ 1)λ 0
)
, (8)
where ϕ = g21/δ1 − g22/δ2. To make the Hamiltonian (8) time independent, the conditions δ1 = δ2 and g1 = g2 (i.e.,
ϕ = 0) need to be satisfied. Note that δ1 = δ2 can be met by adjusting the level spacings of the qutrit or the cavity
frequency, and g1 = g2 can be achieved by a prior design of the sample with appropriate capacitances c1 and c2.
Under the conditions δ1 = δ2 ≡ δ and g1 = g2 ≡ g, the matrix (8) becomes
H˜int =
(
0 − (n+ 1)λ
− (n+ 1)λ 0
)
, (9)
where λ = g2/δ (which will apply below). Under the Hamiltonian (9), the time evolution of the state |f〉L |n〉1 |n〉2
can be described as
|f〉L |n〉1 |n〉2 → cos [(n+ 1)λt] |f〉L |n〉1 |n〉2 + i sin [(n+ 1)λt] |g〉L |n+ 1〉1 |n+ 1〉2 . (10)
We now return to the original interaction picture by applying a unitary transformation e−iH0t to the right side of
Eq. (10). It can be found that in the original interaction picture, the state transformation (10) becomes
|f〉L |n〉1 |n〉2 → ei(n+1)λt {cos [(n+ 1)λt] |f〉L |n〉1 |n〉2 + i sin [(n+ 1)λt] |g〉L |n+ 1〉1 |n+ 1〉2} . (11)
On the other hand, one can easily find that under the effective Hamiltonian (4), the state |e〉|0〉|0〉 evolves into
|e〉L|0〉1|0〉2 → e−iλt|e〉L|0〉1|0〉2. (12)
4Note that the right-hand half of the setup in Fig. 1(a) has the same configuration as the left-hand half. Therefore,
for qutrit R being identical to qutrit L and cavity 3 (4) identical to cavity 1 (2), the Hamiltonian describing the
right-hand half of Fig. 2(a) would be
HI (a3, a4) = ~g1(e
iδta3σ
+
ge,R + h.c.) + ~g2(e
−iδta4σ+ef,R + h.c.), (13)
where σ+ge,R = |e〉R〈g|, σ+ef,R = |f〉R〈e|. Note that this Hamiltonian takes the same form as the Hamiltonian (3)
above. Thus, the state evolution for the coupler qutrit R and cavities 3 and 4 would be the same as those given in
Eqs. (11) and (12), with a replacement of the subscripts L, 1, 2 by R, 3, 4. Namely, under the Hamiltonian (13), we
have the following state evolutions
|f〉R |n〉3 |n〉4 → ei(n+1)λt {cos [(n+ 1)λt] |f〉R |n〉3 |n〉4 + i sin [(n+ 1)λt] |g〉R |n+ 1〉3 |n+ 1〉4} , (14)
|e〉R|0〉3|0〉4 → e−iλt|e〉R|0〉3|0〉4. (15)
The results (11), (12), (14) and (15) obtained here will be employed for the preparation of the “double” NOON
state below.
As shown in the next section, the double NOON state preparation employs the same operations simultaneously
performed on the left-hand two cavities and the right-hand two cavities. Thus, the combined interaction Hamiltonian
would be
HI,1 = HI(a1, a2) +HI(a3, a4), (16)
where HI(a1, a2) and HI(a3, a4) commute with each other.
III. PREPARATION OF THE TWO-QUTRIT BELL STATE
Each qutrit is initially decoupled from its connected cavities, which can be achieved by a prior adjustment of the
qutrit level spacings via varying external control parameters [1, 31]. In addition, assume that the central cavity is
initially in a single-photon state and each qutrit is initially in the ground state |g〉.
The Bell state of the two qutrits L and R is generated via the following operations:
Adjust the level spacings of the qutrits such that the |g〉 ↔ |e〉 transition of each qutrit is resonant with the central
cavity but each qutrit is decoupled from other cavities. In the interaction picture (the same picture is used without
mentioning hereafter), the interaction Hamiltonian describing this operation is hI =
∑
j=L,R
µj(a
†σ−ge,j +h.c.), where a
†
is the photon creation operator for the central cavity, µj is the coupling strength between the central cavity and the
|g〉 ↔ |e〉 transition of qutrit j, and σ−ge,j = |g〉j〈e| (j = L,R). For simplicity, we assume µ1 = µ2 = µ, which applies
for identical qutrits L and R. It is straightforward to show that the time evolution of the state |g〉 |g〉 |1〉 under the
Hamiltonian hI is described by |g〉 |g〉 |1〉 → cos(
√
2µt)|g〉|g〉 |1〉 − i√
2
sin(
√
2µt)(|e〉|g〉 + |g〉|e〉)|0〉. Here, |0〉 and |1〉
are the vacuum state and the single-photon state of the central cavity, respectively. In addition, |k〉|l〉 ≡ |k〉L|l〉R with
k, l ∈ {g, e, f} (Here and below, for simplicity we omit the subscripts L and R). One can see that after an interaction
time τ = pi/
(
2
√
2µ
)
, the initial state |g〉|g〉|1〉 of the two qutrits plus the central cavity evolves to
1√
2
(|g〉|e〉+ |e〉|g〉)|0〉, (17)
where a common phase factor −i is omitted. Eq. (17) shows that the two qutrits are prepared in the Bell state while
the central cavity is in the vacuum state after the operations. The level spacings of the qutrits need to be adjusted
back to the original level configuration such that the qutrits are decoupled from the central cavity.
Note that during the operations described below for the double NOON state creation, the central cavity is not
involved. Thus, the central cavity can be dropped off for simplicity.
IV. GENERATION OF THE DOUBLE NOON STATES
Similar to the NOON state preparation, the double NOON state creation requires applying classical pulses. For
simplicity, we define ωgf (ωge) as the |g〉 ↔ |f〉 (|g〉 ↔ |e〉) transition frequency of the qutrits, and define Ωgf (Ωge) as
the Rabi frequency of a classical pulse driving |g〉 ↔ |f〉 (|g〉 ↔ |e〉) transition of the qutrits. The frequency, duration,
and initial phase of the pulses are denoted as {ω, t, ϕ}.
5FIG. 2: (Color online) (a) Illustration of the dispersive interaction of qutrit L (R) with cavities 1 and 2 (3 and 4). g1 is the
coupling constant between cavity 1 (3) and the |g〉 ↔ |e〉 transition of qutrit L (R), and g2 is the coupling constant between
cavity 2 (4) and the |e〉 ↔ |f〉 transition of qutrit L (R). (b) Illustration of the resonant interaction between the pulse and the
|g〉 ↔ |f〉 transition of each qutrit with the Rabi frequency Ωgf . (c) Illustration of the resonant interaction between the pulse
and the |g〉 ↔ |e〉 transition of each qutrit with the Rabi frequency Ωge.
Assume that each side cavity is initially in the vacuum state and the two qutrits are initially prepared in the Bell
state. Thus, the state of the two qutrits and the four side cavities is
1√
2
(|g〉|e〉+ |e〉|g〉)|0〉1 |0〉2 |0〉3 |0〉4 , (18)
where the subscripts 1, 2, 3, and 4 indicate the four cavities 1, 2, 3, and 4, respectively.
Before starting the double NOON state preparation, a classical pulse of {ωgf , pi2Ωgf ,−pi2 } needs to be applied to the
qutrits [Fig. 2(b)], which is described by the following Hamiltonian
HI,2 =
∑
j=L,R
(Ωgfe
ipi/2σ+gf,j + h.c.), (19)
where σ+gf,j = |f〉j〈g|. It is easy to find that under the Hamiltonian (19), we have the state rotation |g〉 →
cos (Ωgf t) |g〉 + sin (Ωgf t) |f〉, which shows that the pulse with a duration pi2Ωgf results in |g〉 → |f〉. As a conse-
quence, the state (18) becomes
1√
2
(|f〉|e〉+ |e〉|f〉)|0〉1 |0〉2 |0〉3 |0〉4 . (20)
Here and below, we assume Ωgf ,Ωge ≫ g so that the interaction between the qutrits and the cavities is negligible
during the application of the pulses.
The double NOON states are generated through the following N steps of operation:
Step 1: Let qutrit L (R) interact with the two cavities 1 and 2 (3 and 4) [Fig. 2(a)]. Based on Eqs. (11, 12, 14,
15), one can see that after an interaction time t1 = pi/ (2λ), the state (20) becomes
1√
2
(|g〉|e〉|1〉1|1〉2|0〉3|0〉4 + |e〉|g〉|0〉1|0〉2|1〉3|1〉4) , (21)
where a common phase factor i is dropped off. Then, apply a classical pulse of {ωgf , pi2Ωgf ,−
pi
2 } to the qutrits
[Fig. 2(b)], resulting in the |g〉 → |f〉 for each qutrit. Thus, after the pulse, the state (21) changes to
1√
2
(|f〉|e〉|1〉1|1〉2|0〉3|0〉4 + |e〉|f〉|0〉1|0〉2|1〉3|1〉4) . (22)
Step j (j = 2, 3, ..., N − 1): Repeat the manipulation of step 1 [Fig. 2(a), Fig. 2(b)]. The time for each qutrit inter-
acting with its two cavities is tj = pi/ (2jλ) (i.e., half a Rabi oscillation). According to Eq. (11) and Eq. (14),
one can find that after an interaction time tj , the state |f〉L|j − 1〉1|j − 1〉2 (|f〉R|j − 1〉3|j − 1〉4) changes to
ieijλtj |g〉L|j〉1|j〉2 (ieijλtj |g〉R|j〉3|j〉4) which further turns into ieijλtj |f〉L|j〉1|j〉2 (ieijλtj |f〉R|j〉3|j〉4) due to a mi-
crowave pulse of {ωgf , pi2Ωgf ,−pi2 } pumping the state |g〉 back to |f〉 . Meanwhile, according to Eq. (12) and Eq. (15),
both of the states |e〉L|0〉3|0〉4 (|e〉R|0〉1|0〉2) change to e−iλtj |e〉L|0〉3|0〉4 (e−iλtj |e〉R|0〉1|0〉2). Hence, one can easily
verify that after the operation of steps (2, 3, ..., N − 1), the state (22) changes to
1√
2
(|f〉|e〉|N − 1〉1|N − 1〉2|0〉3|0〉4 + |e〉|f〉|0〉1|0〉2|N − 1〉3|N − 1〉4) , (23)
6where a common phase factor iN−2eiϕ with ϕ = λ
N−1∑
j=2
(j − 1) tj is dropped off.
Step N : Apply a classical pulse {ωge, pi2Ωge , pi2 } to each qutrit [Fig. 2(c)]. The interaction Hamiltonian is
HI,3 =
∑
j=L,R
(Ωgee
−ipi/2σ+ge,j + h.c.). (24)
It is easy to show that under this Hamiltonian, the applied pulses lead to the transformation |e〉 → |g〉 for each qutrit.
Thus, the state (23) becomes
1√
2
(|f〉|g〉|N − 1〉1|N − 1〉2|0〉3|0〉4 + |g〉 |f〉|0〉1|0〉2|N − 1〉3|N − 1〉4) , (25)
Meanwhile, let qutrit L (R) interact with the two cavities 1 and 2 (3 and 4) [Fig. 2(a)]. According to Eq. (11) and
Eq. (14), one can see that after an interaction time tN = pi/ (2Nλ) , the state (25) changes to
1√
2
(|N〉1|N〉2|0〉3|0〉4 + |0〉1|0〉2|N〉3|N〉4) |g〉 |g〉, (26)
where a common phase factor iei(N−1)λt is dropped off.
Eq. (26) shows that the four cavities (1, 2, 3, 4) are prepared in a double NOON state and disentangled from the
qutrits. The level spacings of the qutrits need to be adjusted back to the original configuration after the operation, so
that each qutrit is decoupled from their own two cavities and the central cavity, and thus the prepared double NOON
state (26) remains unchanged.
The above description shows that no adjustment of the cavity frequencies is needed during the entire operation.
The double-NOON-state generation utilizes classical pulses with only two different frequencies (i.e., ω = ωgf , ωge),
which are readily achieved in experiments. Moreover, no measurement on the states of the coupler qutrits or the
cavities is required.
The total operational time (including the initial preparation for the Bell state) is given by
top =
pi
2
√
2µ
+
N∑
j=1
piδ
2jg2
+
Npi
2Ωgf
+
pi
2Ωge
+ 4td, (27)
where td ∼ 1− 3 ns is the typical time required for adjusting the qutrit level spacings [28, 32]. To reduce decoherence
from the qutrits and the cavities, the operation time top needs to be much shorter than the energy relaxation time Tk,1
and dephasing time Tk,2 of the level |k〉 (k = f, e). In principle, the top can be shortened by increasing the coupling
constant µ, the pulse Rabi frequency Ωgf and Ωge, and by rapidly adjusting the level spacings of the qutrits.
For cavity k (k = 1, 2, 3, 4), the lifetime of the cavity mode is given by T kcav = (Qk/ωk) /nk, where Qk, ωk and
nk are the (loaded) quality factor, frequency, and the average photon number of cavity k, respectively. For the four
cavities here, the lifetime of entanglement of the cavity modes is given by
Tcav=
1
4
min {T 1cav,T 2cav, T 3cav,T 4cav}, (28)
which should be much longer than top, such that the effect of cavity decay is negligible during the operation. It is
noted that decoherence from the central cavity can be neglected because the photon was populated in the central
cavity for a very short time. In principle, the Tcav ≫ top can be met by choosing cavities with a high quality factor.
The inter-cavity cross coupling between the two cavities on the left (right) side is determined mostly by the coupling
capacitances c1 and c2 (c3 and c4) as well as the qutrit’s self capacitance Cq, because the field leakage through space
is extremely low for high-Q resonators as long as the inter-cavity distance is much greater than transverse dimension
of the cavities - a condition easily met in experiments for the two resonators [39]. As our numerical simulation shows
below [see Fig. 4(a)], the operational fidelity is insensitive to the crosstalk of cavities 1 and 2, when the detuning
between the frequencies of cavities 1 and 2 is much larger than the inter-cavity coupling constant g12 between cavities
1 and 2. The same holds for cavities 3 and 4). It is noted that the inter-cavity crosstalk between the side cavities and
the central cavity can be neglected by adjusting the central cavity frequency such that the central cavity frequency is
highly detuned from the side-cavity frequencies.
V. POSSIBLE EXPERIMENTAL IMPLEMENTATION
7In this section, we discuss the fidelity for generating double NOON states with photon number N ≤ 10. In the
numerical calculations, the preparing of the initial Bell state will not be considered, since it is extremely fast due to
using the resonant interaction only.
We will consider inter-cavity crosstalks of cavities on both sides, which can be described as ε =
g12
(
ei∆ta1a
+
2 + h.c.
)
+ g34
(
ei∆ta3a
+
4 + h.c.
)
, where g12 (g34) is the coupling strength of cavities 1 and 2 (3 and 4),
and we have assumed the detuning between cavity frequencies ωc1 and ωc2 (ωc3 and ωc4) ∆ = ωc2 − ωc1 = ωc4 − ωc3
for simplicity. We will also consider the unwanted qutrit-cavity interactions and inter-cavity crosstalks during the
application of pulses. So the Hamiltonians HI,1, HI,2, and HI,3 adopted in the double NOON state generation should
be modified to H˜I,1 = HI,1 + ε, H˜I,2 = HI,2 + H˜I,1, and H˜I,3 = HI,3 + H˜I,1, respectively.
By considering dissipation and dephasing, the evolving of the system is determined by the master equation
dρ
dt
= −i
[
H˜I,k, ρ
]
+
4∑
l=1
κalL [al]
+
∑
j=L,R
γef,jL
[
σ−ef,j
]
+ γgf,jL
[
σ−gf,j
]
+ γge,jL
[
σ−ge,j
]
+
∑
j=L,R
γfϕ,j (σff,jρσff,j − σff,jρ/2− ρσff,j/2)
+
∑
j=L,R
γeϕ,j (σee,jρσee,j − σee,jρ/2− ρσee,j/2) , (29)
where H˜I,k (with k = 1, 2, 3) are the modified H˜I,1, H˜I,2, and H˜I,3, L [Λ] = ΛρΛ+ − Λ+Λρ/2 − ρΛ+Λ/2 (with
Λ = al, σ
−
ef,j , σ
−
gf,j , σ
−
ge,j), σ
−
ef,j = |e〉j 〈f | , σ−gf,j = |g〉j 〈f | , σ−ge,j = |g〉j 〈e| , σff,j = |f〉j 〈f |, and σee,j = |e〉j 〈e| ; κal
is the decay rate of cavity l (l = 1, 2, 3, 4); γef,j (γgf,j) is the energy relaxation rate for the level |f〉 associated with
the decay path |f〉 → |e〉 (|f〉 → |g〉) of qutrit j; γge,j is the energy relaxation rate of the level |e〉 ;and γfϕ,j (γeϕ,j)
is the dephasing rate of the level |f〉 (|e〉) of qutrit j (j = L,R). The fidelity of the whole operation is given by
F =
√
〈ψid| ρ |ψid〉, where |ψid〉 is the ideal output state given in Eq. (26), while ρ is the final density matrix obtained
by numerically solving the master equation. For numerical calculations, we here use the QUTIP software [40, 41],
which is an open-source software for simulating the dynamics of open quantum systems.
We now numerically calculate the fidelity. For flux qutrits, the transition frequency between two neighbor levels can
be made to be 1−20 GHz. As an example, we choose the frequencies of qutrits as ωef/2pi ∼ 7.5 GHz and ωge/2pi ∼ 5.0
GHz, and the detuning δ/2pi = 1.0 GHz. As a result, we have ωc1/2pi, ωc3/2pi ∼ 4.0 GHz, and ωc2/2pi, ωc4/2pi ∼ 8.5
GHz, and thus ∆/2pi ∼ 4.5 GHz. For simplicity, we set Ωge = Ωgf = Ω, which can be readily achieved by adjusting
the pulse intensity. Other parameters used in the numerical simulations are: (i) γ−1eϕ,j = 5 µs, γ
−1
fϕ,j = 5 µs; (ii)
γ−1ge,j = 10 µs, γ
−1
ef,j = 5 µs, γ
−1
gf,j = 20 µs [34–38], and (iii) κ
−1
al = 20 µs (l = 1, 2, 3, 4). For the cavity frequencies and
κ−1al used here, the required quality factors for the four cavities are Q1 = Q3 ∼ 5.0 × 105 and Q2 = Q4 ∼ 1.0× 106,
which are readily available in experiments [42, 43].
In Fig. 3, fidelities versus g/2pi are plotted respectively for N = 4, 6, 8, 10 and Ω/2pi = 100, 150, 200 MHz [33], with
g1 = g2 = g and g12 = g34 = 0. For Ω/2pi = 150 MHz, the best fidelity and the corresponding optimal g/2pi are:
{0.941, 19 MHz} (N = 4); {0.903, 19 MHz} (N = 6); {0.870, 23 MHz} (N = 8); {0.831, 23 MHz} (N = 10). If Ω/2pi
is increased to 200 MHz, the fidelity will be improved, as shown in Fig. 3.
To see the effect of the inter-cavity crosstalk and the parameter inhomogeneity on the fidelity, we consider: (i)
g12 = g34 = 0, g12 = g34 = 0.1g, and g12 = g34 = g in Fig. 4(a), (ii) g1 = g2, g1 = 0.95g2, and g1 = 0.9g2 in Fig. 4(b),
and (iii) δ1 = δ2, δ1 = δ2 + 2pi × 1 MHz, and δ1 = δ2 + 2pi × 2 MHz in Fig. 4(c). Fig. 4 is plotted for N = 10 and
Ω/2pi = 200 MHz. Fig. 4(a) shows that the effect of the inter-cavity crosstalk on the fidelity is negligible. This is due
to the large detuning between the cavity frequencies (∆/2pi ∼ 4.5 GHz), compared to g12 and g34. Fig. 4(b) shows
that compared to the homogeneous case, a small difference between g1 and g2 only leads to a small change of fidelity.
In contrast, Fig. 4(c) shows that the fidelity decreases fast as the difference between δ1 and δ2 increases.
VI. CONCLUSIONS
We have presented an approach for generating the double NOON states of photons in circuit QED. We believe
that this work is of interest because our work is the first to demonstrate that the double NOON states of photons
can be generated in circuit QED with only N + 2 operational steps. The numerical simulations show that high-
fidelity generation of the double NOON states with N 6 10 even for the imperfect devices is feasible with present-day
circuit QED technique. The double NOON states are entangled states on more parties and thus different from the
traditional NOON states. Compared to the NOON states, the double NOON states may achieve the same error in
phase measurement using the same number of photons while requiring much less operational steps to prepare.
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FIG. 3: (Color online) Fidelities versus g/2pi for double NOON state generation with photon numbers of N = 4, 6, 8, 10. For
each N , Ω/2pi = 100, 150, 200 MHz [33] are considered. The figure was plotted by assuming g1 = g2 = g and g12 = g34 = 0.
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FIG. 4: (Color online) Fidelities versus g/2pi with photon numbers of N = 10. (a) Cases for g12 = g34 = 0, g12 = g34 = 0.1g,
and g12 = g34 = g. (b) Cases for g1 = g2, g1 = 0.95g2, and g1 = 0.9g2 (setting g2 = g). (c) Cases for δ1=δ2, δ1 = δ2 + 2pi × 1
MHz, and δ1 = δ2 + 2pi × 2 MHz (setting δ2 = δ). In (a), (b), and (c), other parameters used in the numerical simulations are
the same as those used in Fig. 3.
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FIG. 5: (Color online) Setup for phase measurement by using a double NOON states. Initially, photons in four modes (1, 2, 3, 4)
are in a double NOON state (|NN00〉1234 + |00NN〉1234)/
√
2. Each Photon in mode 3 (4) experiences an extra phase shift φ
compared to each photon in mode 1 (2), which is induced by a phase shifter (PS). Here, BS represents a beam splitter, D1 and
D2 represent photon detectors. The probability for coincidence measurement of N photons at mode a and N photons at mode
b is P = η[1 + cos(2Nφ)]/2 with 0 < η = 21−2N < 1 for N 6= 0.
APPENDIX A
Here we show how to implement the measurement of ADN = (|NN00〉1234 + |00NN〉1234)(〈NN00|1234 +
〈00NN |1234)/2. A simple setup for this measurement is shown in Fig. 5. Suppose photons in four modes (1, 2, 3, 4) are
initially in a double NOON state (|NN00〉1234 + |00NN〉1234)/
√
2. The evolution of state of photons in four modes
can be expressed as follows:
1√
2
(|NN00〉1234 + |00NN〉1234)
=
1√
2N !
[(A+1 A
+
2 )
N + (A+3 A
+
4 )
N ] · |0〉
PS−→
1√
2N !
[(A+1 A
+
2 )
N + ei2Nφ(A+3 A
+
4 )
N ] · |0〉
BS−→
1
2N
√
2N !
[(A+b +A
+
c )
N (A+a +A
+
d )
N + ei2Nφ(A+b −A+c )N (A+a −A+d )N ] · |0〉
=
1
2N
√
2N !
(1 + ei2Nφ)(A+a A
+
b )
N · |0〉+ ...
=
1
2N
√
2
(1 + ei2Nφ)|NN00〉abcd + ... ,
where A+i is the photon creation operator of mode i (i = 1, 2, 3, 4, a, b, c, d). The first term of the last line indicates that
the probability of coincidence measurement ofN photons in mode a andN photons at mode b is P = η[1+cos(2Nφ)]/2,
which is just the expectation of ADN times an additional constant η = 2
1−2N . Note that the appearance of η here
does not affect the error of phase measurement ∆φ.
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